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Abstract















Schief[l] $\mathit{1}|$ (disc.rete affine sphe $re$ ) $lf$ “ $dis^{\neg}c\uparrow$’et $C’$auss $eq\cdot ua-$
tion”,
$\mathrm{r}_{11}-\mathrm{r}_{1}=\alpha$(r1 $-\mathrm{r}$ ) $+\beta$ (r12 $-\mathrm{r}_{1}$ ),
$\mathrm{r}_{12}+\mathrm{r}=H(\mathrm{r}_{1}+\mathrm{r}_{2})$ ,
$\mathrm{r}_{22}-\mathrm{r}_{2}=\gamma$ (r2-r) $+\delta$(r12 $-\mathrm{r}_{2}$ ),
discrete Tzitzeica
$H_{12}= \frac{H(H-1)}{H^{2}(H_{1}+H_{2}-H_{1}H_{2})-H+ABH_{1}H_{2}}$ ,
$A_{2}= \frac{H_{1}}{H}A$ , $B_{1}= \frac{H_{2}}{H}B$ ,
. , 1,2 $\mathrm{n}\mathrm{l},\mathrm{n}$
.
$H_{1}=H(m+1, n)$ , $H_{2}=H(m, n+1)$ ,
$H_{11}=H(m+2, n)$ ,
$H_{12}=H(m+1, n+1)$ , $H_{22}=H(m, n+2)$ .
. ,
$H= \frac{\tau_{1}\tau_{2}}{\tau\tau_{12}}$ , $A=c \frac{\tau_{1}^{2}}{\tau\tau_{11}}$ , $B= \hat{c}\frac{\tau_{2}^{2}}{\tau\tau_{22}}$ ,
3
$|\tau(m+2,n)\tau(m+1,n)\tau(m,n)$ $\tau(m+2,n+1)\tau(m+1,n+1)\tau(m,n+1)$ $\tau(m+2,n+2)\tau(rn+1,n+2)\tau(m,n+2)$





(Toda molecule equati0n)[2] Aperiodic Toda lattice equa.-
tion .
.
$\frac{\partial^{2}}{\partial x\partial y}.\log V_{n}=V_{n+1}-\underline{9}V_{n}+V_{n-1}$
$V_{0}=0$ $\mathrm{a}$nd $V_{N+1}=0$ .
.
$V_{n}= \frac{\partial^{2}}{\partial x\partial y}\log\tau_{n}=\frac{\tau_{n+1}\tau_{n-1}}{\tau_{n}^{2}}$ (1)
$D_{x}.D_{y}\tau_{n}\tau_{n}=2\tau_{n+1}\tau_{n-1}$ , for $n=1,2,$ $\ldots$ , $N$
.
$\ovalbox{\tt\small REJECT}=1$ , $\tau_{N+1}=f_{1}(x)g_{1}(y)$ ,
. $f_{1}$ (x), $g_{1}$ (y) $x,$ $y$ .
$\tau_{N+1}$ $V_{N+1}$
$V_{N+1}=. \frac{\partial^{2}}{\partial x\partial y}\log\tau_{N+1}=0$
.
$N=2$ , $V_{3}=3V$1
$\frac{\partial^{2}}{\partial x\partial y}\log V_{1}=V_{2}’-2V_{1}$ , (2)




$. \frac{\partial^{2}}{\partial x\partial y}.\cdot\log$ (\mbox{\boldmath $\nu$}12‘ ) $=0$ , (4)
2
$V_{2}=\sim r_{1}^{-2}f_{2}(x)g_{2}(y)$ (5)
. $f_{2}(x)\sim 2(y)$ $x,$ $y$ .
(2) (2)




$\frac{\partial^{2}}{\partial x*\partial 1y}\log h=(h^{-2}-h)(4f_{2}(x)g_{2}(y))^{1/3}$
Tzitzeica equation
$\frac{\partial^{2}}{\partial x\partial y’},\log h=h-h^{-2}$ (8)
.
Tzitzeica equation
$\frac{\partial^{\mathit{2}}}{\partial x\partial y}.\log V_{1}=V_{2}-2V_{1}$ ,
$\frac{\partial^{2}}{\partial x\partial y}.\log V_{2}=V_{3}-2V_{2}+V_{1}$
$V_{3}=3V_{1}$ .
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$D_{x}D_{y}\tau_{1}1\tau 1=2\tau_{2}$ , (10)













. $\tau_{2}$ , $\tau_{3}$ Tzitzeica equation 3
$|\begin{array}{lll}\tau_{1} (\tau_{1})_{y} (\tau_{1})_{yy}(\tau_{1})_{x} (\tau_{1})_{xy} (\tau_{1})_{xyy}(\tau_{1})_{xx} (\tau_{1})_{xxy} (\tau_{1})_{xxyy}\end{array}|=q_{0}\tau_{1}^{3}$ . (13)
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. $q_{0}=f_{3}(x)g$3(y) . Schief 3
(1) (13) Tzitzeica equation .
, Tzitzeica Schief 3
(1)
$|\tau(m+2,n)\tau(m+1,n)\tau(m,n)$ $\tau(m+1,’ n+1)\tau(m+\underline{9}n+1)\tau(m,n+1)$ $\tau(m+\underline{9},n.+\tau(m+1, n+\tau(m,n+\underline{)})2)2)$
$=q_{0}\tau(m+1, n+1)^{3}$ . $q_{0}$ : $con$ st.
$\tau_{2}(m, n)$ .
$\tau(\mathit{7}n+1, n+1)\tau(m, n.)-\tau(m+1, n)\tau(m, n+1)=\tau_{2}$ (m, $n$ ),
$\tau$2 $(m+1, n+1)\tau_{2}(m, n)-\tau_{2}(m+1, n)\tau_{2}(m, n+1)$
$=\tau(m+1, n+1)\tau_{3}(m, n)$ .
,





$\frac{\partial^{2}}{\partial x\partial y},\cdot\log 1^{\gamma_{n}}=V_{n+1}-2V_{n}+V_{n-1}$,
$n=1,2,$ $\ldots,$ $N$,
. ( $n=0$ $V_{0}=0$
)
(i) $V_{N+1}=0$ , for arbitrary $N$.
(ii) $V_{N+1}=3V$1, for $N=2$
2 .








$|\begin{array}{llll}\tau(m,n) \tau(m,n+1) \tau(m,n+2)\tau(r)\tau+1,n) \tau(m+1,n +1) \tau(n\iota+1,n+2)\tau(\uparrow n+2,n) \tau(m+2,n +1) \tau(m+2,.n+2)\end{array}|$
$=q_{0}\tau(m+ \mathrm{l}, n+1)^{3}$ . $q_{0}$ : const.
$q_{0}F$(m, $n$ ) .
1. $q0$ .
2. $F$ (m, $n$ ) $m,$ $n$ .
3. $F$ $\tau$ 3 .
$\sum c_{j_{1},j_{\underline{9}},j\circ,k_{1},k_{\underline{9}_{7}}k_{3}}.\cdot\tau(m+j1, n+k_{1})\tau(m+j_{2}, n+k_{2})\tau(m+j_{3}, n+k_{3}^{\wedge})$.
4. $F$
$\tau$ (m, $n$ ) $arrow \mathrm{e}_{-}\backslash ^{r}.\mathrm{p}(jm+kn)\tau(m, n)$
.
$j_{1}+j_{2}+j_{3}=3$ , $k_{1}+k_{2}+k_{3}=3$ ,
.




$F$ (m, $n$ )
$F$ (m, $n$ ) $=c_{1}f(m+3, n)f$(m, $n+3$) $f$ (m, $n$ )
$+c_{2}f$($m+2,$ $n$ +l)$f(m+1, n +2)f(7n, \prime n)$
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$+c_{3}f(m+1, n+1)^{3}$
$+c_{4}f(m+2, n)f(?7l+1, n+1)f(rn, n+2)$
$+c_{5}f$ ( $m+1,$ $n$ +l)[f(m, $n+1)f(m+2,$ $n+1)+f.(m+1,$ $n$ ) $f(m+1,$ $n+2)$ ]
$+c_{6}[f(\uparrow?l+2, n+1.)f(\cdot m+1, n)f(.m, ?l+\underline{9})$
$+f(m+1, n +2)f$ (?n, $n+1$ )$f(m+2, n)]$ .
.
$F$ (m, $n$ ) $c_{1},$ $c_{2},$ $c_{3},$ $c_{4},$ $c_{5},$ $c_{6}$ -1, 0, 1 ,Hietarinta and
Viallet(1998) Algebraic entropy
case I $c_{1}=0,$ $c_{2}=0,$ $c_{3}=-1,$ $c_{4}=0,$ $c_{5}=0,$ $c_{6}=0$ ,
case 2 $c_{1}=0,$ $c_{2}=0,$ $c_{3}=-1,$ $c_{4}=1,$ $c_{5}=-1,$ $c_{6}=-1,$
case 3 $c_{1}=0,$ $c_{2}=0,$ $c_{3}=-1,$ $c_{4}=1,$ $c_{5}=1,$ $c_{6}=-1,$
case 4 $c_{1}=0,$ $c_{2}=0,$ $c_{3}=0,$ $c_{4}=-1,$ $c_{5}=0,$ $c_{6}=1$ ,
case 5 $c_{1}=0,$ $c_{2}=0,$ $c_{3}=0,$ $c_{4}=0,$ $c_{5}=0,$ $c_{6}=0$ .
5 .
$F$ (m, $n$ ) .
$F_{1}=-\tau(.m+ 1, n+1)^{3}$ .
$F_{2}=-\tau(m+2, n+1)\tau(m+1, n+1)\tau(m, n+1)$
$-\tau(m+\underline{9}, n+1)\tau(m+1, n)\tau(m, n+\underline{9})$
$-\tau(m+2, n)\tau(m+1, n+2)\tau(m, n+1^{\cdot})$
$+\tau(m+2, n)\tau(m+1, n+1)\tau(m, n+\underline{9})$
$-\tau(.m+1, n+2)\tau(m+1, n+1)\tau(m+1, n)$
$-\tau(m+1, n+1)^{3}$ .
$F_{3}=\tau(m+2, n+1)\tau(m+1, n+1)\tau(m, n+1)$
$-\tau(m+2, n+1)\tau(m+1, n)\tau(m, n+2)$
$-\tau(m+ 2, n)\tau(m+1, n+2)\tau(m, n+1)$
$+\tau(m+2, n)\tau(m+1, n+1)\tau(m, n+2)$
$+\tau(m+1, n+2)\tau(m+1,n+1)\tau(m+1,n)$
$-\tau(m+1, n+1)^{3}$ .
$F_{4}=\tau(m+2, n+1)\tau(m+1, n)\tau(m, n+2)$
$+\tau(m+2, n)\tau(m+1, n+2)\tau(m, n+1)$
$-\tau(m+2, n)\tau(m+1, n+1)\tau(m, n+2)$ .
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$\ovalbox{\tt\small REJECT}=0$ .
1. $F_{1}$ Schief Discrete Tzitzeica eq. [1].
2. $F_{3}$ Schief Generalized discrete Tzitzeica eq. [1].
3. $F_{5}$ Discrete Toda molecule eq. [2].
4. $F_{2}$ $F_{4}$ .
5. 5 $F_{3}$ .
4 3
$|/_{s}^{r}$ (m, $n$ ), $s=1,2$ , $\cdot$ . . , $N$ .
$\mathcal{V}_{s}’$ ( , $n$ ) $= \frac{\tau_{s+1}(m,n)\tau_{s-1}(m+1,n+1)}{\tau_{s}(m+1,n)\tau_{s}(m,n+1)}.$ . $(^{-}15)$
$\tau_{s}(\prime m+1, n+1)\tau_{\hat{\mathrm{d}}}(m, n)-\tau_{s}(m+1, n)\tau_{s}(\uparrow n, n+1)$
$=q\tau_{s+1}(m, n)\tau_{s-1}(m+1, n+1)$ , for $s’=1,2,$ $\ldots,$ $N$,
$1+qV_{s}(m, n)= \frac{\tau_{s}(m+1,n+1)\tau_{s}(\uparrow n,n)}{\tau_{s}(m+1,n)\tau_{s}(7n,n+1)}$ , $\mathrm{f}\mathrm{o}$r $s=1,2,$ $\ldots$ , N. (16)
. (15), (16)
$\frac{V_{s}(m+1,n+1)1\nearrow_{s}(m,n)}{V_{s}(m+1,n)V_{s}(m,n+1)}=\frac{[1+qV_{s+1}(m,n)][1+qV_{s-1}(m+1,n+1)]}{[1+qV_{s}(m+1,n)][1+qV_{s}(m,ll+1)]}$ ,
for $s=1,2,$ $\ldots$ , $N$ .




(i) $\tau_{0}(m, n)=1arrow \mathrm{t}_{0}.\cdot(m, n)=0$ ,
for all equations.
(ii) $\tau N+1(m, n)=f(.m)g(n)arrow 1/\acute{N}+1(\uparrow n, n)=0$ ,
for the Toda molecule equation,
(iii) $\tau_{3}(m, n)=ab\tau P(m+1, n+1)arrow$
$1+qV_{3}(m, n)=[1+q\mathcal{V}_{1}^{r}(m+1, n+1)]^{3}$ ,
for the Tzitzeica equation.
, $F_{1},$ $F_{2},$ $F_{3},$ $F_{4},$ $F_{5}$ , $F_{2},$ $F_{3},$ $F_{4}^{1}$ $\tau$
$V$ .






$|\tau(m+2,n)\tau(m+1,n)\tau(m,n)$ $\tau(m+2, n+1)\tau(7n+1,n+1)\tau(m,n+1)$ $\tau(m+2,n+2)\tau(m+1,n+2)\tau(m,n+2)$ $=q_{0}F(m, n)$ .
. Jacobi , ( $q_{0}$ )
$\tau(m+1, n+1)\tau(m, n)-\tau(m+1, n)\tau(m, n+1)=\tau$2(m, $n$ ),
$\tau$2 $(m+1, n+1)\tau_{2}(m, n)-\tau_{2}(m+1, n)\tau_{2}(m, n+1)=\tau(m+1, n+1)\tau_{3}(.m, n)$ ,
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. $\tau_{3}(m, n)=q_{0}F(77l, n)$ ,
. $F($.???., $n)$ $\tau_{2}(m, n)$ , $q_{0}$
$F_{1}=\tau(?7l+1, n+1)^{3}$ .
$F_{2}=\{\tau(m+\underline{9}, n)\tau(m+1, n+1)^{2}\tau(m, n+1)^{2}$
$\mathrm{f}\tau(m +2, n)\tau(m+1, n+1)\tau(m+1, n)\tau(m, n+2)\tau(m, n+ 1)$
$+r(m +\underline{9}, n)\tau(rn+1, n)\tau(m, n+1)\tau_{2}(m, n+1)q$
$+\tau(m+1, n+1)^{3}\tau(m+ 1, n)\tau(m, n+ 1)$
$+\tau(m+1, n+1)^{2}\tau(m+1, n)^{2}\tau(m, n+2)$
$+$ r(m $+1,$ $n+1$ ) $\tau(m+1, n)^{2}\tau_{2}(m, n+1)q$
$+$r(m-l1, $n+1$ ) $\tau(m, n+1)^{2}\tau_{2}(m+1, n)q$
$+$r $(772 +1, n)\tau(m, n+2)\tau(m, n+1)\tau_{2}(\uparrow n+1, n)q\}$
$/(\tau(m+1, n)\tau(m, n+1))$ .
$F_{3}=\{\tau(m+\underline{9}, n)\tau(\mathrm{r}\mathrm{n} +1, n+1)^{2}\tau(m, n+1)^{2}$
$-\tau(m+2, n)\tau(m+1, n+1)\tau(m+1, n)\tau(m, n+2)\tau(m, n+1)$
-r$(m+2, n)\tau(m+1, n)\tau(m, n+1)\tau_{2}(m, n+1)q$
-r$(m +1, n+1)^{3}\tau(m+1, n)\tau(m, n+1)$
$+\tau(m+1, n+1)^{2}\tau(m+1, n)^{2}\tau(m, n+2)$
$\mathrm{C}(m+1, n+1)\tau(m+1, n)^{2}\tau_{2}(m, n+1)q$
$+\tau(\prime rn+1, n+1)\tau(m, n+1)^{2}\tau_{2}(m+1, n)q$
$-\tau(m+1, n)\tau(m, n+2)\tau(m, n+1)\tau_{2}(m+1, n)q\}$
$/(\tau(m+1, n)\tau(m, n+1))$ .
$F_{4}=\tau(m+2, n)\tau(m+1, n+1)\tau(m, n+2)$
$+$ r $(m+ 2, n)\tau_{2}(m, n+1)q+\tau(m, n+ 2)$r2 $(m+1, n)q$
.











3. Tziteica equation .
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